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Abstract
I consider principal Higgs bundles satisfying a notion of numerical flatness (H-nflatness)
that was introduced in [8]. I prove that a principal Higgs bundle E = (E,ϕ) is H-
nflat is either stable or there exists a Higgs reduction of E to a parabolic subgroup P
of G such that the principal L-bundle EL obtained by extending the reduced Higgs
bundle EP to the Levi factor L is H-nflat and stable; and as consequence, H
∗(E,R)
is isomorphic to the cohomology ring of the associated graded object Gr(E) with
coefficients in R. Moreover, if c2(Ad(E)) vanishes then EL is also Hermitian flat and
H∗(Gr(E),R) is trivial.
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1 Introduction
Let L be a line bundle over a complex smooth projective variety X of dimension n ≥ 2:
L is said numerically effective (nef, for short) if nad only if the inequality L · C ≥ 0 holds
1
2 Introduction
for any curves C on X . Let V be a vector bundle over X . V is said nef if the line bundle
OP(V )(1) is nef; where P(V ) is the projectivized bundle. Moreover, V is numerically flat
(nflat, for short) if and only if V and V ∨ are nef vector bundles (see [9]).
One can also introduce the Grassmann bundles associated with V : for every integer s such
that 0 < s < rankV , the variety Grs(V ) is a bundle over X , which parameterizes the rank
s locally free quotients of V . Of course Gr1(V ) = P(V ). Denoting by πs : Grs(V )→ X the
projection, on each variety Grs(V ) there is a rank s universal quotient bundle Qs of π
∗
sV ,
which turns out to be numerically effective if V is numerically effective.
These notions was extend to principal bundle setting in [8] using the bundles E
(
G
/P
)
;
where G is a complex reductive (affine) algebraic group, P is a maximal parabolic subgroup
of G and E is a principal G-bundle over X . Again in the same sense, they parameterize
the reductions of the structure group of E to P ; and these are used to provide a notion of
numerically flatness for principal bundles1 (nflat, for short).
By [8, theorem 6.6], it turns out that the nflat principal G-bundles are semistable and can
be characterized as follows.
Theorem 1.1. Let E be a principal G-bundle over X. Given the following statements:
(i) E is nflat;
(ii) E is polystable;
(iii) there exists a reduction EP of E to a parabolic subgroup P of G such that the principal
L-bundle EP (L) is flat and polystable, where L is the Levi factor of P ;
(i) implies either (ii) or (iii), and (iii) implies (i) and (ii).
Let E = (E, φ) be a principal Higgs G-bundle; that is, a principal G-bundle equipped with
a global section of Ad(E)⊗ Ω1X such that the composition
[φ, φ] : Ad(E)
φ
−→ Ad(E)⊗ Ω1X
φ⊗Id
−−−→ Ad(E)⊗ Ω1X ⊗ Ad(E)⊗ Ω
1
X
[·,·]⊗pi
−−−→ Ad(E)⊗ Ω2X
vanishes, where [·, ·] is the natural bracket on Ad(E). In [8] were introduced the schemes
of Higgs reductions RP (E) of a principal Higgs G-bundle E as suitably closed subschemes
of E
(
G
/P
)
, which parameterize the Higgs reductions of the structure group of E to P ;
and these are used to provide a notion of numerically flatness for principal Higgs bundles
(H-nflat, for short).
In this setting, it is known that (i) implies either (ii) or (iii) (cfr. [8, remark 6.8]). In
this paper I prove a partial inversion in three principal steps. Let E be a principal Higgs
G-bundle over X :
1 By [8, remark 3.4], when G = GL(n,C) one finds again the Grassmann bundles of the corresponding
vector bundle E.
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a) if E is H-nflat then Ad(E) is H-nflat;
b) if E is H-nflat. Either it is stable or there exists a Higgs reduction EP of E to a parabolic
subgroup P of G such that the principal L-bundle EL = EP (L) is stable and H-nflat.
Moreover, if c2(Ad(E)) = 0 then EL is also Hermitian flat.
From now on:
• (X,H) is an irreducible complex smooth projective variety with a polarization H ;
• ω is a Ka¨hler form on X representing the polarization H ;
• G is a complex reductive (affine) algebraic group;
• g is the Lie algebra of G;
• E is a principal G-bundle over X ;
unless otherwise stated.
In the next sections I recall the basic notions about the vector and principal (Higgs)
bundles.
Acknowledgement. This paper is wrote under supervision of professor Ugo Bruzzo
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Higgs bundles
Definition 1.2. A Higgs sehaf V on X is a coherent sheaf V on X endowed with a
morphism φ : V → V ⊗ Ω1X of OX-module such that φ ∧ φ = 0. A Higgs subsheaf W of V
is a φ-invariant subsheaf W of V, that is, φ(W) ⊆ W ⊗ Ω1X . A Higgs bundle is a Higgs
sheaf V such that V is a locally free OX-module.
Let V = (V, ϕ) be a Higgs sheaf over (X,H) with rankV > 0. The slope of V is defined as
µ(V) =
c1(V) ·H
n−1
rank(V)
≡
deg(V)
rank(V)
.
Definition 1.3. A Higgs sheaf V = (V, φ) is (semi)stable if V is torsion free and for any
ϕ-invariant subsheaf W with 0 < rank(W) < rank(V) one has
µ(W) < µ(V ) (respectively µ(W) ≤ µ(V ) ).
A Higgs sheaf is polystable if it is direct sum of stable Higgs sheaves having the same slope.
4 Higgs bundles
If V = (V, ϕ) is a Higgs bundle, and h is an Hermitian metric on V , one defines the
Hitchin-Simpson connection of the pair (V, h) as
D(h,ϕ) = Dh + ϕ+ ϕ
where Dh is the Chern connection of the Hermitian bundle (V, h), and ϕ is the metric
adjoint of ϕ defined as
h(s, ϕ(t)) = h (ϕ(s), t)
for all sections s, t of V .
Definition 1.4. The curvature R(h,ϕ) and the mean curvature K(h,ϕ) of Dh,ϕ are defined
as usual. If R(h,ϕ) vanishes then (V, h) is said Hermitian flat. If there exists a complex
2-form on X such that R(h,ϕ) = α · IV then (V, h) is said projectively flat.
By [16, theorem 1.(2)], the following theorem holds.
Theorem 1.5. A Higgs bundle V = (V, ϕ) over X is polystable if and only if it admits a
Hermitian metric h such that it satisfies the Hermitian Yang-Mills condition
K(h,ϕ) =
2nπµ(V )
n! Vol(X)
· IdV ≡ κ · IdV ,
where Vol(X) =
∫
X
ωn.
The following theorem generalize [12, theorem IV.4.7 and lemma IV.4.12]; the last one will
used to conclude the proof of main theorem of this paper.
Theorem 1.6 (Bogomolov-Lu¨bke’s inequality for Higgs bundles). Let V = (V, ϕ)
be a Higgs bundle over X such that it admits a Hermitian metric h satisfying the Hermitian
Yang-Mills condition, then∫
X
[
2rc2(V )− (r − 1)c1(V )
2
]
∧ ωn−2 ≥ 0
and the equality holds if and only if (V, h) is projectively flat.
Proof. On the space of Hermitian endomorphisms α of the Hermitian vector bundle (V, h)
I introduce the norm
‖α‖ = max
X
√
tr(α2);
by hypothesis
∥∥K(h,ϕ)∥∥2 = rκ2 and σ = tr (K(h,ϕ)) = rκ, hence r ∥∥K(h,ϕ)∥∥2 = σ2. Let {ei}
be a local basis of sections of V and let {x1, . . . , x2n} be real local coordinates on X ; one
has
R(h,ϕ) =
1
2
∑
i,j,α,β
(
R(h,ϕ)
)i
jαβ
ei ⊗ ej ⊗ dx
i ∧ dxj ,
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and one puts
∥∥R(h,ϕ)∥∥2 = ∑
i,j,α,β
∣∣∣(R(h,ϕ))ijαβ∣∣∣2 , ‖ρ‖2 = ∑
i,α,β
∣∣∣(R(h,ϕ))iiαβ∣∣∣2 .
Using the [12, formulas IV.4.2, IV.4.3 and IV.4.6]∫
X
[
2rc2(V )− (r − 1)c1(V )
2
]
∧ ωn−2 = 2r
1
8π2n(n− 1)
(
σ2 − ‖ρ‖2 −
∥∥K(h,ϕ)∥∥2 + ∥∥R(h,ϕ)∥∥2)∫
X
ωn+
−(r − 1)
1
4π2n(n− 1)
(
σ2 − ‖ρ‖2
) ∫
X
ωn = . . . =
1
4π2n(n− 1)
(
r
∥∥R(h,ϕ)∥∥2 − ‖ρ‖2)Vol(X) ≥ 0.
If the equality holds then by [12, formula IV.4.6]
(
R(h,ϕ)
)i
jαβ
=
1
r
δij
(
R(h,ϕ)
)
αβ
.
(q.e.d.) 
Lemma 1.7. Let V = (V, ϕ) be a Higgs bundle over X such that it admits a Hermitian
metric h satisfying the Hermitian Yang-Mills condition, deg(V ) = 0 and
∫
X
c1(V )
2∧ωn−2 =
0. Then ∫
X
c2(V ) ∧ ω
n−2 ≥ 0
and the equality holds if and only if the Hitchin-Simpson connection of (V, h) is Hermitian
flat.
Proof. By previous theorem, one has the previous inequality. If the equality holds then(
R(h,ϕ)
)i
jαβ
=
1
r
δij
(
R(h,ϕ)
)
αβ
; and by definition, without change the notations by previous
proof
κ =
2nπ
n! Vol(X)
deg(V )
r
= 0⇒ σ = 0
that is
0 =
∫
X
c2(V ) ∧ ω
n−2 =
1
8π2n(n− 1)
(r + 1)
∥∥R(h,ϕ)∥∥2Vol(X)⇒R(h,ϕ) = 0.
(q.e.d.) 
Remark 1.8. The theorems 1.5, 1.6 and the lemma 1.7 hold also for Higgs bundles over
compact Ka¨hler manifolds.
♦
6 Principal Higgs bundles
Principal Higgs bundles
Let Y be a complex variety and let ρ : G→ Aut(Y ) be a representation of G as automor-
phisms group of Y ; one defines the vector bundle E(ρ, Y ) = E×ρ Y as the quotient E×Y
under the action of G given by (e, y) 7→ (eg, ρ (g−1) y); in particular, if Y = g and ρ = Ad,
E(Ad, g) is the adjoint bundle of E, and it is denoted as Ad(E).
Let Ad(E) be the adjoint bundle of E and let Ω1X be the cotangent sheaf of X . If ϕ and ψ
are global sections of Ad(E) ⊗ Ω1X , one defines a global section [ϕ, ψ] of Ad(E) ⊗ Ω
2
X by
combining the natural bracket [·, ·] : Ad(E)⊗Ad(E)→ Ad(E) and the natural morphism
π : Ω1X ⊗ Ω
1
X → Ω
2
X .
Definition 1.9. A Higgs field ϕ on E is a global section of Ad(E)⊗Ω1X such that [ϕ, ϕ] = 0.
A principal Higgs G-bundle over X is a pair E = (E,ϕ).
Let A be a complex reductive (affine) algebraic group and let F be a principal A-bundle
over X . A morphism of principal Higgs bundles (E,ϕ) → (F, ψ) is a pair (f, f ′) such
that f ′ : G→ A is an algebraic group homomorphism, f is an f ′-equivariant morphism of
bundles overX , that is, for any e ∈ E and g ∈ G, f(eg) = f(e)f ′(g), and
(
f˜ ⊗ Id
)
(ϕ) = ψ;
where f˜ : Ad(E) → Ad(F ) is the induced morphism by f between the adjoint bundles
given by f˜(e, α) = (f(e), f ′∗(α)), and f
′
∗ : g → a is the morphism of Lie algebras induced
by f ′. Let Y be a smooth complex projective variety and let f : Y → X be a morphism;
the pullback principal Higgs G-bundle f ∗E is the principal G-bundle f ∗E equipped with
the Higgs field f ∗ϕ given by
ϕ ∈ H0(X,Ad(E)⊗ Ω1X)→ H
0
(
Y,Ad (f ∗E)⊗ f ∗Ω1X
)
→ f ∗ϕ ∈ H0
(
Y,Ad (f ∗E)⊗ Ω1Y
)
,
where the morphisms are obvious.
Let a be the Lie algebra of A, and let λ : G → A a morphism of algebraic groups. In
this case E(λ,A) is called extension (of structure group of)E to A. Where there is not
confusion, I shall write E(λ) instead of E(λ,A). In particular, G acts on a via AdA ◦λ,
and one has that the a-bundle E (AdA ◦λ, a) is isomorphic to Ad(F ). Then F = (F, ψ)
is a principal Higgs A-bundle with Higgs field ψ =
(
f˜ × Id
)
(ϕ), obtained extending the
structure group G of E to A; where f : E ∼= E ×G G → F is the obvious morphism of
principal bundles. In particular, if ρ : G → Aut(V) is a linear representation of G, the
Higgs field of E induces a Higgs field on the associated bundle E ×ρ V; moreover, if V = g
and ρ = Ad then Ad(E) is the Higgs bundle given by the adjoint bundle Ad(E) with the
induced Higgs field Ad(ϕ).
In a specific way, the construction of adjoint Higgs bundle is “invertible” as the following
proposition states.
Proposition 1.10. Let E be a principal G-bundle such that Ad(E) admits a Higgs field
φ. Then there exists a Higgs field ϕ on E (said) induced by φ.
7Proof. Since Ad(Ad(E)) ∼= End(Ad(E)) ∼= Ad(E)⊗Ad(E)∨, by definition OX
·φ
−→ Ad(E)⊗
Ad(E)∨⊗Ω1X and [φ, φ] = 0 ∈ Ad(E)⊗Ad(E)
∨⊗Ω2X . Let ·ϕ : OX
·φ
−→ Ad(E)⊗Ad(E)∨⊗
Ω1X
pi1⊗Id−−−→ Ad(E)⊗ Ω1X , where π1 ⊗ Id is the canonical morphism; then
[ϕ, ϕ] = (π1 ⊗ Id)([φ, φ]) = 0 ∈ Ad(E)⊗ Ω
2
X ,
that is, E = (E,ϕ) is a principal Higgs G-bundle over X .
(q.e.d.) 
Remark 1.11. Considering the principal Higgs G-bundle E = (E,ϕ), by the isomorphism
End(E) ∼= Ad(E)⊗ Ad(E)∨, one has the canonical morphism of principal bundles
f : E×Ad g→ E×Ad⊗Ad∨ (g⊗g
∨); by construction Ad(ϕ) =
(
f˜ × Id
)
(ϕ), then the Higgs
field induced on E by Ad(ϕ) is ϕ as well.
♦
2 The scheme of Higgs reductions
In this section, I recall the construction of the scheme of Higgs reductions of a principal
Higgs bundles; and I use it in order to define the notion of (semi)stable principal Higgs
bundle.
Let K be a closed subgroup of G and let Eσ be a principal K-bundle on X together with
an injective equivariant principal K-bundle morphism iσ : Eσ → E: by definition Eσ is a
reduction (of the structure group) of E to K. Moreover, these reductions are in one-to-one
correspondence with sections σ : X → E
(
G/K
)
∼= E/K . By construction there exists
an injective morphism of vector bundles i˜σ : Ad(Eσ) → Ad(E); let Πσ : Ad(E) ⊗ Ω
1
X →(
Ad(E)/Ad(Eσ)
)
⊗ Ω1X the induced projection. Considering the following diagram:
0 // Ad(Eσ)⊗ Ω
1
X
i˜σ⊗Id // Ad(E)⊗ Ω1X
Πσ //
(
Ad(E)/Ad(Eσ)
)
⊗ Ω1X
// 0
OX
·ϕσ
ggPPPPPPPPPPPPPPP
·ϕ
OO
,
where ϕσ ∈ H
0 (X,Ad(Eσ)⊗ Ω
1
X) and [ϕσ, ϕσ] = 0 ∈ Ad(E)⊗ Ω
2
X .
Definition 2.1 (see [8] definition 3.3 and remark 3.4). Eσ = (Eσ, ϕσ) is a Higgs reduc-
tion (of structure group of) E to K if and only if the previous triangle is commutative,
equivalently if and only if ϕ ∈ ker Πσ. σ is called a Higgs reduction of E.
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Example 2.2. Let X be a compact Riemann surface of genus g ≥ 2, and let K be the
canonical bundle ofX . Considering the canonical Higgs bundle E = (E,ϕ) =
(
K
1
2 ⊕K−
1
2 ,
(
0 ω
1 0
))
on X of rank 2, where:
ω : K−
1
2 → K
1
2 ⊗K
1 : K
1
2 → K−
1
2 ⊗K ∼= K
1
2 is the identity section.
By definition 1.9 ϕ is a Higgs field; if ω 6= 0 then there exists not ϕ-invariant line sub-
bundle of E. If ω = 0 then K−
1
2 is the unique ϕ-invariant line subbundle of E, therefore
i : K−
1
2 →֒ E is an injective equivariant principal P -bundle morphism, where P is the
parabolic subgroup of GL(2,C); by previous example,
(
K−
1
2 , 0
)
is the Higgs reduction of
E to P .
△
There is a link between the Higgs reductions of a principal Higgs bundles and the subbun-
dles of the relevant adjoint Higgs bundle, as follows from the next proposition.
Proposition 2.3. Let σ : X → E/K be reduction of E = (E,ϕ) to a closed subgroup K
of G. Eσ = (Eσ, ϕσ) is a Higgs reduction of E if and only if Ad(Eσ) is a Higgs subbundle
of Ad(E).
Proof. By definition, if Eσ is a Higgs reduction of E, then Ad(Eσ) is a Higgs subbundle
of Ad(E). Vice versa, if Ad(Eσ) is a Higgs subbundle of Ad(E), by definition Ad(Eσ) is an
Ad(ϕσ)-invariant subbundle and therefore ϕσ satisfies the definition 2.1; that is, Eσ is a
Higgs reduction of E.
(q.e.d.) 
More in general, the following lemma holds.
Lemma 2.4. Let σ : X → E/K be reduction of E = (E,ϕ) to a closed subgroup K of
G and let Eσ the relevant principal K-bundle. If (Ad(Eσ), φσ) is a Higgs subbundle of
Ad(E) = (Ad(E),Ad(ϕ)), then the Higgs field ϕσ induced on Eσ by φσ defines a Higgs
reduction Eσ = (Eσ, ϕσ) E to K.
Proof. By proposition 1.10, one can consider the principal Higgs K-bundle Eσ = (Eσ, ϕσ);
considering the following diagram
Ad(Eσ)⊗Ad(Eσ)⊗ Ω
1
X
j˜σ //
pi1⊗Id

Ad(E)⊗ Ad(E)⊗ Ω1X
pi1⊗Id

OX
·φσ
hh❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘
·Ad(ϕ)
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠
·ϕσ
vv❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
·ϕ
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
Ad(Eσ)⊗ Ω
1
X
i˜σ
// Ad(E)⊗ Ω1X
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since the square, the upper, right and left triangles are commutative (see also remark 1.11)
then lower triangle is commutative; by definition 2.1 Eσ is a Higgs reduction of E to K.
(q.e.d.) 
Let σ : X → E/K be a Higgs reduction of E. Given the diagram:
OE/K
σ♯

·η(ϕ) // TE/K,X ⊗ Ω
1
E/K
σ∗OX α
// π∗K Ad(E)⊗ Ω
1
E/K
η⊗Id
OO
where:
• πK is the projection of E/K onto X ;
• γ is the canonical morphism Ω1X → π
∗
KΩ
1
X → Ω
1
E/K ;
• α is defined as (Id⊗ γ) ◦ (·π∗K(ϕ)).
Since:
TE/K,X ∼= E/K
(
AdK , g/k
)
,
π∗K Ad(E) = π
∗
K (E(AdG, g)) = E/K (AdK , g)
where k is the Lie algebra of K, there exists a natural morphism η : π∗K Ad(E) → TE/K,X
and ϕ determines a global section η(ϕ) ≡ (η ⊗ Id) (π∗Kϕ) of TE/K,X ⊗ Ω
1
E/K ; from all this:
the previous diagram is well defined. Via a straightforward computation on the stalks, one
proves that η(ϕ) does not depend from σ, and proves the following statements.
Proposition 2.5 (see [8]). A reduction σ : X → E/K is a Higgs reduction of E = (E,ϕ)
to K if and only if the scheme-theoretic image of σ is contained in the zero locus V (η(ϕ))
of η(ϕ).
Corollary 2.6. V (η(ϕ)) parameterizes the Higgs reductions of E to K.
Definition 2.7 (see [8] definition 3.5). V (η(ϕ)) is called the scheme of Higgs reduction of
E = (E,ϕ) to K, and it is denoted as RK(E).
Remark 2.8. If G is the general linear group GL(n,C) and P is a maximal parabolic
subgroup of G, then G/P is the Grassmann variety Grk(C
n) of k-dimensional quotient of
Cn, for some k ∈ {1, . . . , n − 1}, and RP (E) is the Higgs-Grassmann scheme Grk(V) of
rank k locally free Higgs quotients of V, the Higgs bundle corresponding to E. So a Higgs
reduction σ of E corresponds to a rank n − k Higgs subbundle W of V (cfr. [6] and [8,
remark 3.4]).
♦
10 Universal Higgs quotients
(Semi)Stable principal Higgs bundles
Using the scheme of Higgs reduction, I recall the definitions of (semi)stable principal Higgs
bundle, given in [8] and some criteria for this.
Definition 2.9 (see [8] definition 4.1). A principal Higgs G-bundle E on X is (semi)stable
if and only for any parabolic subgroup P of G, any open subset U of X such that codim(X \
U) ≥ 2, and any Higgs reduction σ : U → RP (E)|U of G to P on U , one has deg σ
∗TE/P,X >
0 (respectively deg σ∗TE/P,X ≥ 0).
Let E = (E,ϕ) be a principal Higgs G-bundle over X , let K be a closed subgroup of G. E
is a principal K-bundle over E/K via the canonical projection πK : E → E/K . For any
character χ of K, one can consider the line bundle Lχ = E ×χ C on E/K .
Definition 2.10. The slope of a Higgs reduction σ of E to K is the homomorphism of
groups µσ : χ ∈ X(K)→ deg σ
∗Lχ ∈ Q; where X(K) is the group of characters of K.
Definition 2.11. A dominant character χ of G is a character of G′ (the semisimple part
of G) given by a non negative linear combination of fundamental weights of g′ (the Lie
algebra of G′) such that χ is trivial on Z(G)0 (the connected component of 1G in Z(G)).
Theorem 2.12 (see [8] theorem 4.7). Considered the following conditions:
a) for every parabolic subgroup P of G and any dominant character χ of P , the line bundle
L∨χ restricted to RP (E) is nef;
b) for every morphism f : C → X, where C is a complex smooth projective curve, the
pullback f ∗E is semistable (for short, E is Higgs semistable on curves);
c) E is semistable and c2(Ad(E)) = 0 ∈ H
4(X,R).
Then the conditions (a) and (b) are equivalent, and they are both implicated by condition
(c); and if ϕ = 0 then the condition (c) is equivalent to conditions (a) and (b).
3 H-nflat (principal) Higgs bundles
In this section, I recall the construction of the numerically flat principal Higgs bundles and
their main properties.
Universal Higgs quotients
Let P be a parabolic subgroup of G; a connected subgroup L of G is called Levi factor
of P if P is the semi-direct product of L and its unipotent radical Ru(P ) (see [4, defini-
tion 11.22 and corollary 14.19]). All Levi factors of P are subgroups of P and they are
conjugated by elements of Ru(P ) (see [4, proposition 11.23 and corollary 14.19]); they are
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canonically isomorphic to P/Ru(P )
and therefore they are complex connected reductive
algebraic groups, whose root systems are, in general, reducible: hence the Levi factor L
is decomposable as L1 · . . . · Lm, in according to the decomposition of its root system in
irreducible components and any Lk is a simple Lie group (see [11, corollary in §27.5]).
Let ρ : G→ GL(V) be a linear representation of G on V, let W be a vector subspace of V,
let P be a maximal parabolic subgroup of G which stabilizes W; then there is an induced
action of P on V/W.
Definition 3.1. A factor Li of the Levi factor L of P is called standard quotient of P if
ρ maps it injectively in GL
(
V/W
)
, for some choice of ρ and W.
Let E = (E,ϕ) be a principal Higgs G-bundle over X . For any closed subgroup K of
G, denoted by EK the principal K-bundle E → E/K , one can consider the restriction
i∗EK ≡ i
∗E → RK(E) of EK to RK(E), where i is the inclusion RK(E) →֒ E/K . Since
RK(E) parameterizes the Higgs reduction of E to K, then ϕ induces a Higgs field on the
fibres of i∗EK by restriction; that is, i
∗EK is a principal HiggsK-bundle over RK(E), and it
will be denoted as EK . Let P be a (maximal) parabolic subgroup of G, let Q be a standard
quotient of P ; let EQ be the principal Q-bundle obtained by extending EP to Q, via the
canonical projection P → Q.
Definition 3.2 (see [8] definition 5.1). A universal Higgs quotient EQ of E is the restriction
of EQ to the scheme of Higgs reductions RP (E), equipped with the Higgs field induced by
the Higgs fields of EP by extension; here P is maximal parabolic.
Remark 3.3. a) Without change the names from remark 2.8, a standard quotient Q of
P is isomorphic to GL
(
V/W
)
. In this case, the bundle of local frames of the universal
Higgs quotient EQ of E is the universal rank k Higgs quotient bundle Qk,V over Grk(V)
(cfr. [8] remark 5.4).
b) The construction of the universal Higgs quotients is functorial (see [8] remark 5.3).
♦
H-nflat (principal) Higgs bundles
I recall the definitions of numerically effective (H-nef ) and numerically flat (H-nflat) prin-
cipal Higgs bundles in the case whose the structure group is an algebraic torus.
Definition 3.4 (see [8] definition 5.4). Let T be an algebraic d-torus of G, where dimT = d,
let E = (E,ϕ) be a principal Higgs T -bundle over X.
a) E is Higgs-numerically effective (H-nef, for short) if there exists an isomorphism
λ : T → (C×)
d
such that the bundle Vλ associated to E via λ is nef.
12 H-nflat (principal) Higgs bundles
b) E is Higgs-numerically flat (H-nflat, for short) if there exists an isomorphism
λ : T → (C×)
d
such that the bundle Vλ associated to E via λ is nflat.
Remark 3.5. a) Trivially, the definitions 3.4 does not depend from the Higgs field ϕ of
E.
b) Equivalently, E is H-nflat if for any isomorphism λ : T → (C×)
d
the bundle Vλ associated
to E via λ is nflat.
♦
By Structure Theorem for Reductive Groups (see [4, proposition in §14.2]) the following
sequence
{1} → R(G) ∩G′ → R(G)×G′ → G→ {1}
is short exact; passing to quotients via G′ (the derived subgroup of G), one has that R(G)
(the radical of G) is isomorphic to G/G′; one can define rad : G→ R(G) as the canonical
projection of G onto R(G).
Definition 3.6 (see [8] definition 5.5). The radical of E is the principal Higgs R(G)-bundle
R(E) = E×rad R(G) ∼= E/G′.
Example 3.7. Let V = (V, ϕ) be a rank n Higgs bundle and let E be the principal Higgs
GL(n,C)-bundle of its local frames; then R(E) is isomorphic to E/SL(n,C), the bundle of
local frames of the determinant Higgs line bundle det(V) = (det(V ), det(ϕ)).
△
I recall that the semi-simple rank rankss(G) of G is defined as the rank of the Lie group
G/R(G) (see [4, definition in §13.13]).
Definition 3.8 (see [8] definition 5.7). A principal Higgs G-bundle E over X is Higgs-
numerically effective if
a) R(E) is H-nef in according to definition 3.4;
b) if rankss(G) > 0, for every maximal parabolic subgroup P of G and every standard
quotient Q of G, the universal Higgs quotient EQ is H-nef.
Moreover, E is Higgs-numerically flat if it is H-nef and R(E) is H-nflat.
Proposition 3.9. a) H-nflat principal Higgs bundles are semistable ([8, proposition 5.10]).
b) If a principal Higgs G-bundle E = (E,ϕ) is semistable, c2(Ad(E)) = 0 and R(E) is
H-nflat, then it is H-nflat ([8, proposition 5.12]).
Remark 3.10. a) If G = GL(n,C) one has that a Higgs bundle is H-nflat as defined in [6]
if and only if the principal Higgs bundle of local frames is H-nflat.
b) A principal Higgs bundle E is H-nflat if and only if for any morphism f : C → X , where
C is a smooth complex curves, f ∗E is H-nflat (see [8, remark 5.8.(ii)]).
♦
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4 Higgs reductions and
H-nflat principal Higgs bundles
In [8] was proved that a principal Higgs bundle is H-nflat if it satisfies some condition; the
inverse holds only if the Higgs field vanishes. Here I prove a partial inverse implication. For
this scope, I need recall the following notions on principal Higgs bundles.
Hermitian Yang-Mills-Higgs reductions for
H-nflat principal Higgs bundles
Let K be a maximal compact subgroup of G; there exists an involution ι on g whose
+1-eigenspace is the Lie algebra k of K (cfr. [13, theorem 10.7.2.3]), ι is called Cartan
involution of G relative to K. Let E = (E,ϕ) be a principal Higgs G-bundle over X ; one
defines the following involution
∀x ∈ X, sx ∈ Ad(E)x, αx ∈ Ω
1
X,x, ιx(sx ⊗ αx) = −ιx(sx)⊗ αx.
Let σ be a holomorphic reduction of E to K: by [15, remark 3] there exists a unique
complex connection Dσ on E which is compatible with the complex structure on E and
with the reduction σ. From all this, one defines the Hitchin-Simpson connection Dσ,ϕ of
(E, σ) = (E,ϕ, σ) as the connection Dσ,ϕ = Dσ + ϕ + ι(ϕ) (see [8]); moreover, by [15,
corollary in §3], the previous construction holds even if K is a closed subgroup of G.
Where there is no confusion about the reduction σ, I shall write DKϕ instead of Dσ,ϕ.
Definition 4.1 (see [8] definition 6.1). E is Hermitian flat, if there exists a reduction of
its structure group to a maximal compact subgroup K of G, such that the corresponding
Hitchin-Simpson connection DKϕ is flat.
Definition 4.2. A reduction σ of E to K is Hermitian Yang-Mills-Higgs, if σ is a Higgs
reduction and there exists an element τ in the centre of g such that the mean curvature
Kσ,ϕ (computed with ω as usual) is equal to τ .
Following [2] and [8], I posit the next definitions.
Definition 4.3 (cfr. definitions 2.10, 2.11 and [2] definition 3.4). A Higgs reduction σ of
E to a parabolic subgroup P of G is admissible if µσ(χ) = 0 for any dominant character χ
of P which vanishes on the centre of G.
Definition 4.4 (cfr. [2] definition 3.5). A principal Higgs G-bundle E is polystable if either
it is stable or there exist a parabolic subgroup P of G and a Higgs reduction σ of E to the
Levi subgroup L of P such that
a) the reduced principal Higgs L-bundle Eσ is stable;
b) the principal Higgs P -bundle Eσ(P ) is an admissible reduction of E to P .
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Theorem 4.5 (cfr. [8] theorem 6.4). A principal Higgs G-bundle E is polystable if and
only if it admits an Hermitian Yang-Mills-Higgs reduction to a maximal compact subgroup
K of G.
Lemma 4.6 (cfr. [8] proposition 6.5). A principal Higgs bundle is polystable if and only if
its adjoint bundle is polystable.
Corollary 4.7. A principal Higgs bundle E is stable if its adjoint bundle Ad(E) is stable.
Proof. By previous lemma, E is polystable; if it is not stable, there exists a Higgs reduction
σ of E to the Levi factor L of a parabolic subgroup of G, by lemma 2.4 Ad(Eσ) is a Higgs
subbundle of Ad(E). Since L is a reductive group, deg Ad(Eσ) = 0 (see also [14, remark
2.2]) and this is in contradiction with the stability of Ad(E).
(q.e.d.) 
The following lemma is the cornerstone for the main theorem of this paper.
Lemma 4.8. Let E be a H-nflat principal Higgs G-bundle over X. Then Ad(E) is H-nflat.
Proof. By remark 3.10.c, I can assume that X is a curve. By [2, lemma 4.7] Ad(E) is a
semistable Higgs bundle; by [8, lemma A.7] Ad(E) is a H-nflat Higgs bundle.
(q.e.d.) 
I am in position to prove the main theorem of this paper.
Theorem 4.9. Let E = (E,ϕ) be a H-nflat principal Higgs G-bundle. Either it is stable or
there exists a Higgs reduction σ of E to a parabolic subgroup P of G, such that the principal
L-bundle E˜σ = Eσ(L) is H-nflat and stable; where L is the Levi factor of P . Moreover, if
c2(Ad(E)) = 0 then E˜σ is also Hermitian flat.
Proof. Without change the notations, by lemma 4.8 Ad(E) is H-nflat, so it is semistable.
If it is stable, by corollary 4.7 E is stable. Otherwise, by [5, theorem 3.2] it has a Jordan-
Ho¨lder filtration
0 ⊂ V0 ⊂ V1 ⊂ · · · ⊂ Vm−1 ⊂ Ad(E)
whose quotients Q1, . . . ,Qn+1 are locally free, stable and H-nflat. The analysis made in
the proof of [2, proposition 2.10] proves that the previous filtration has an odd number of
terms, and the middle term Vk is isomorphic to a Higgs subbundle Ad(Eσ) of Ad(E); by
lemma 2.4 Eσ = (Eσ, ϕσ) is a Higgs reduction of E, whose structure group is a parabolic
subgroup P of G.
Let E˜σ =
(
E˜σ, ϕ˜σ
)
be the principal Higgs L-bundle obtained by extending Eσ to L. It
turns out that Ad
(
E˜σ
)
is isomorphic to the quotient Qk, which is stable and H-nflat. By
previous corollary E˜σ is stable.
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By remark 3.10.b I can assume that X is a curve. Considering the homomorphism of Lie
groups
L
α
−→ Aut(l)× R(L) ∼= Aut(l)×
(
C×
)d i
→֒ Aut
(
l⊕ Cd
)
with α = (AdL, rad), gives an injective Lie algebra homomorphism
α∗ : l→ End(l)⊕ r(L)
where l and r(L) are the Lie algebras of L and R(L), respectively. Let V = E˜σ(α) =
Ad
(
E˜σ
)
⊕W; because the vector bundle W is associated to R
(
E˜σ
)
via an isomorphism
of R(L) to a torus, by [1, corollary 2.2] it is stable and degW = 0; by [7, proposition 3.17]
and definition 3.4 R
(
E˜σ
)
is H-nflat, and by proposition 3.9.b E˜σ is H-nflat.
From now on, let c2(Ad(E)) = 0; applying [7, theorem 3.16] and [5, theorem 5.2], one
has that Ad
(
E˜σ
)
is Hermitian flat, in particular c2
(
Ad
(
E˜σ
))
= 0. Since E˜σ is also
polystable, by theorem 4.5, it admits a reduction to a maximal compact subgroup of L
such that the corresponding Hitchin-Simpson connection D satisfies the Hermitian Yang-
Mills-Higgs condition. Without change the notations, considering V = Ad
(
E˜σ
)
⊕ W,
again one has that W is H-nflat, because the underlying vector bundle W is nflat; so,
by theorem 2.12 ∆(W ) = 0 and c2(W ) = 0, these conditions imply that c1(W )
2 = 0. D
induces Hitchin-Simpson connections on Ad
(
E˜σ
)
and W; since both are polystable Higgs
bundles, by theorem 1.5 and lemma 1.7, these are Hermitian flat; since α∗ is injective, D
is Hermitian flat.
(q.e.d.) 
For simplicity, let Gr(E) be the principal Higgs G-bundle obtained extending E˜σ to G.
Corollary 4.10. If E is H-nflat then the cohomology ring H∗(E,R) is isomorphic to
H∗(Gr(E),R). And if c2(Ad(E)) = 0 then this ring is trivial.
Proof. In some sense, continuing the previous proof, let ρ : G → Aut(W) be a faithful
representation of G and let V = E(ρ) be the Higgs bundle associated to E via ρ. Miming
the proof of [3, lemma 3.1], there exists a flag 0 = W0 ⊂ W1 ⊂ . . . ⊂ Wm−1 ⊂ Wm = W
of P -modules, such that Ru(P ) acts trivially on the quotients. Thus ρ(P ) is contained in
a parabolic subgroup Q of Aut(W) and ρ(L) is contained in the Levi subgroup of Q. The
graded module Gr(V) of the filtration of V corresponding to Q is isomorphic to the Higgs
bundle (Gr(E))(ρ) and, on the other hand, it is homeomorphic to V. Since this holds for
any ρ, one has that E and Gr(E) are homeomorphic; from this follows the claim.
(q.e.d.) 
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